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Abstract 

We complete the different cases remaining in the estimation of the 
essential norm of a weighted composition operator acting between the 
Hardy spaces and H'^ for 1 < p, g < oo. In particular we give some 
estimates for the cases 1 = p < q < oo and 1 < q < p < oo. 

1 Introduction 

Let 3 = {z E C \ |2;|<1} denote the open unit disk in the complex plane. 
Given two analytic functions u and (f defined on D such that <f{Vi) C D, 
one can define the weighted composition operator uC^ that maps any ana- 
lytic function / defined on D into the function uC^{f) = u{f o y?). In [TO] , 
de Leeuw showed that the isometrics in the Hardy space are weighted 
composition operators, while Forelli [8] obtained this result for the Hardy 
space when 1 < p < oo, p 2. Another example is the study of compo- 
sition operators on the half-plane. A composition operator in a Hardy space 
of the half-plane is bounded if and only if a certain weighted composition 
operator is bounded on the Hardy space of the unit disk (see [13] and [E]). 
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When M = 1, we just have the composition operator C<^. The continuity 
of these operators on the Hardy space is ensured by the Littlewood's 
subordination principle, which says that C^{f) belongs to whenever 
/ G H'P (see [1], Corollary 2.24). As a consequence, the condition u G H"^ 
suffices for the boundedness of uC^p on if^. Considering the image of the 
constant functions, a necessary condition is that u belongs to . Never- 
theless a weighted composition operator needs not to be continuous on H^, 
and it is easy to find examples where uCip{HP) ^ (see Lemma 2.1 of [3] 
for instance). 

In this note we deal with weighted composition operators between 
and H'^ for 1 < p, g < oo. Boundedness and compactness are characterized 
in [3] for l<p<g<ooby means of Carleson measures, while essential 
norms of weighted composition operators are estimated in [S] for 1 < p < 
g < oo by means of an integral operator. For the case 1 < q < p < oo, 
boundedness and compactness of uC^ are studied in [5], and Gorkin and 
MacCluer in [H] gave an estimate of the essential norm of a composition 
operator acting between and if. 

The aim of this paper is to complete the different cases remaining in 
the estimation of the essential norm of a weighted composition operator. In 
section 2 and 3, we give an estimate of the essential norm of uC^ acting 
between and iJ^ when p = 1 and 1 < g < oo and when 1 < p < oo 
and q = oo. Sections 4 and 5 are devoted to the case where oo > p > g > 1. 

Let D be the closure of the unit disk D and T = d3 its boundary. We 
denote by dm = dt/27r the normalised Haar measure on T. If A is a Borel 
subset of T, the notation m{A) as well as 1^4 1 will design the Haar measure 
of A. For 1 < p < oo, the Hardy space H^{3) is the space of analytic 
functions / : D — > C satisfying the following condition 



Endowed with this norm, H^{3) is a Banach space. The space H°^{3) is 
consisting of every bounded analytic function on D, and its norm is given 
by the supremum norm on D. 

We recall that any function / G //^(D) can be extended on T to a function /* 
by the following formula: /*(e*^) = limj./ii /(re*^). The limit exists almost 
everywhere by Fatou's theorem, and /* G L^(T). Moreover, / h-)- /* is an 
into isometry from H'p{I}) to Lp(T) whose image, denoted by i7^(T) is the 
closure (weak-star closure for p = oo) of the set of polynomials in L'p{T). So 




< oo. 
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we can identify H'p{3) and H'^{T), and we will use the notation H'^ for both 
of these spaces. More on Hardy spaces can be found in [TT] for instance. 
The essential norm of an operator T : X — )• F, denoted ||T||e, is given 



||T||e = inf{||T — i^ll | K is a compact operator from X to Y}. 

Observe that ||T||e < and ||T||e is the norm of T seen as an element of 
the space B{X, Y)/K{X, Y) where B{X, Y) is the space of all bounded op- 
erators from X to F and K{X, Y) is the subspace consisting of all compact 
operators. 

Notation: we will write a ^ b whenever there exists two positive uni- 
versal constants c and C such that cb < a < Cb. In the sequel, u will be 
a non-zero analytic function on D and will be a non- constant analytic 
function defined on D satisfying '^{p) C D. 



Let us first start with a characterization of the boundedness of uC^ acting 
between and W^: 

Theorem 2.1 (see O Theorem 4]). Let u he an analytic function on D 
and if an analytic self-map of 3. Let < p < q < oo. Then the weighted 
composition operator uC^ is hounded from to H'^ if and only if 



As a consequence uC^p is a bounded operator as soon as uC^p is uniformly 
bounded on the set {k]J^ \ a G D} where ka is the normalized kernel defined 



hy ka{z) = (l-|ap)/(l-a;z)2, a G D. Note that kl^^ G HP and \\kl^^\\p = 1. 



These kernels play a crucial role in the estimation of the essential norm of 
a weighted composition operator: 

Theorem 2.2 (see O Theorem 5]). Let u he an analytic function on D and 
Lp an analytic self-map of 3. Assume that the weighted composition operator 
uC^p is bounded from H^ to H'^ with 1 < p < q < oo. Then 



by 



2 uC^ e B{H\ H^) for 1 < g < (X) 





lim sup 

|a|^l- 
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The aim of this section is to give the corresponding estimate for the case 
p = 1. We shall prove that the previous theorem is still valid for p = 1: 

Theorem 2.3. Let u he an analytic function on D and ip an analytic self- 
map of D. Suppose that the weighted composition operator uC^ is bounded 
from to H'^ for a certain 1 < g < oo. Then we have 

Let us start with the upper estimate: 

Proposition 2.4. Let uC^ G B{H^, H'^) with 1 < q < oo. Then there exists 
a positive constant 7 such that 

1 

< 7limsup (/l«(C)l'(|//J d"(C)) ■ 

The main tool of the proof is the use of Carleson measures. Assume that 
/i is a finite positive Borel measure on D and let 1 < g < 00. We say that /i 
is a {p, g)-Carleson measure if the embedding : / G / G L'^{fi) 

is well defined. In this case, the closed graph theorem ensures that is 
continuous. In other words, is a {p, g)-Carleson measure if there exists a 
constant 71 > such that for every / G H^, 

(2.1) /l/WrdM^)<7i||/||^ 

Jo 

Let / be an arc in T. By S{L) we denote the Carleson window given by 

S{I) = {zeB\ 1 - |/| < |;z| < 1, z/\z\ G /}. 

Let us denote by fio and fij the restrictions of /i to D and T respectively. 
The following result is a version of a theorem of Duren (see [7j, p. 163) for 
measures on D: 

Theorem 2.5 (see [H Theorem 2.5]). Let 1 < p < q < 00. A finite positive 
Borel measure fi on 3 is a {p,q)- Carleson measure if and only if fij = 
and there exists a constant 72 > such that 



(2.2) 



/ie (5(/)) < 721/1"/^ for any arc I CT. 
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Notice that the best constants 71 and 72 in (12.11) and (12.21) are comparable, 
meaning that there is a positive constant (3 independent of the measure fi 
such that (l//3)72 < 71 < /372- 

The notion of Carleson measure was introduced by Carleson in [2] as a part 
of his work on the corona problem. He gave a characterization of measures n 
on D such that embeds continuously in L^{fi). 

Examples of such Carleson measures are provided by composition op- 
erators. Let : D — > D be an analytic map and let 1 < p, g < 00. The 
boundedness of the composition operator : f ^ f o {p between H'p and 
can be rephrased in terms of (p, g)-Carleson measures. Indeed, denote 
by m^p the pullback measure of m by (f, which is the image of the Haar 
measure m of T under the map defined by 



for all / G if^. Thus maps boundedly into if^ if and only if is a 
[p, g)-Carleson measure. 

In the sequel we will denote by rD the open disk of radius r, in other 
words rD = G D | 1^1 < r} for < r < 1. We will need the following 
lemma concerning [p, g)-Carleson measures: 

Lemma 2.6. Take < r < 1 and let ^ be a finite positive Borel measure 
on D. Let 



\a\>r Jn 

If ^ is a {p, q)-Carleson measure for 1 < p < q < 00 then so is fir '■= ^■ 
Moreover one can find an absolute constant M > satisfying \\Hr\\ < MN* 



We omit the proof of Lemma [2.61 here, which is a slight modification of 
the proof of Lemma 1 and Lemma 2 in [5] using Theorem 12.51 

In the proof of the upper estimate of Theorem 12.21 in [5], the authors 
use a decomposition of the identity on H'^ of the form I = + Rn where 
Kn is the partial sum operator defined by K^^ (X]-^o '^"^") ~ S^=o'^"^"' 
and they use the fact that (K^) is a sequence of compact operators that is 
uniformly bounded in B{Hp) and that Rj^j converges pointwise to zero on 




for every Borel subset AofB). Then 





where := sup 

/CT 



I\l/P 
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HP. Nevertheless the sequence {Kj^f) is not uniformly bounded in B{H^). 
In fact, (Kn) is uniformly bounded in B{Hp) if and only if the Riesz 
projection P : is bounded flbi Theorem 2], which occurs if 

and only if 1 < p < oo. Therefore we need to use a different decompo- 
sition for the case p = 1. Since K]^ is the convolution operator by the 
Dirichlet kernel on H^, we shall consider the Fejer kernel of order A^. 
Let us define Kj^j : to be the convolution operator associated 

to Fm that maps f E to K^f = F^ * f E and Rn = I — Km- 
Then ||-ft'Ar|| < 1, is compact and for every / G H^, \\f — K^fWi — ?■ 
following Fejer's theorem. If f{z) = X]n>o/(^)-^" ^ then 

N-l 
n=0 

Lemma 2.7. Let 1 < g < oo and suppose that uC^ G B{H^ , H'^). Then 

WuCifWe < lirninf ||MC(pi?Ar||. 

Proof. 

\\uC^\\e = \\uC^Kn + uC^RnWc 

= II mC(^-R AT lie since is compact 

< ||MC^i?Jv|| 

and the result follows taking the lower limit. □ 
We will need the following lemma for an estimation of the remainder R^'. 
Lemma 2.8. Let e > and < r < 1. Then 3No = iVo(r) G N, VA^ > A^o, 

ii?^/Hr<£ii/ii?, 

for every \w\ < r and for every f in H^. 

Proof. Let Kji;{z) = 1/(1 — wz), ti? G D, 2; G D. is a bounded analytic 
function on D. It is easy to see that for every / G H^, 

{RNf,K^) = {f,RNK^) 
where |w| < r, > 1 and 
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for f e a.nd g e H°°. Then we have \RNf{w)\ = \ {RnJ^K^)] = 
I (/, RnKw) I < ||/||i||-RAr-ft'u,||oo- Take |w| < r and choose A^o ^ so that for 
every N > Nq one has < - r)/2 and EnJ/ < (l/2)£^/^. 

Since 



^ n=0 ^ n=0 n=Af 

one has 



n=0 n=Ar 

Thus |i?7v/(ti^)|' < e\\f\\l for every / in H^. □ 



Proof of Proposition \2.4\ Denote by /i the measure which is absolutely 
continuous with respect to m and whose density is |'u|'', and let fi^ = fiOip~^ 
be the puUback measure of fi by if. Fix < r < 1. For every / G H^, we 
have 



\\iuC^R^)f\\l= /jn(C)r|((i?^/)o^)(C)pm(C) 

|((i?;v/)o^)(C)rdMC) 
\RNf{w)\'^ dfi^iw) 



(2.3) =h{N,r,f) + h{N,r,f). 

Let us first show that lim sup l2{N,r,f) = 0. For e > 0, Lemma 12.81 

^ ll/lli=i 

gives us an integer A^o(^) such that for every N > iVo(r), 



I,{N,rJ)= / |i?^/Hrd/i^H 
<e||/||X(^D) 
<^II/IIK(») 



<^ll/ll?ll^"'^ 



So, r being fixed, we have lim sup /2(A^, r, /) = 



^ ll/lli=i 



Now we need an estimate of Ii{N, r, /). The continuity of uC^p : — )■ H'^ 
ensures that fl^p is a (1, g)-Carleson measure, and therefore fiy^^r '■= fJ^^ 



D\rD 
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is also a (1, g)-Carleson measure by using Lemma [231 for p = 1. It foUows 
that 



JD\rO 



</3||/i^,,||||i?;v/||? 

am 



using Lemma 1231 and the fact that ||-RAf|| < 1+ H-^jvH < 2 for every N 
We take the supremum over Bfji and take the fower hmit as N tends to 
infinity in (12.31) to obtain 



hminf WuC^RnW" < 2''l3MN* 



Now as r goes to 1 we have: 

hmA^* = hmsup / \ka{w)\'^ dfiJw) 

''^1 |a|^l- Jo 

= limsup/j.(C)|'(^i-J|yp)^m(C) 

and we obtain the estimate announced using Lemma [221 D 

Now let us turn to the lower estimate in Theorem I2.2[ Let 1 < g < cxd. 
Consider the Fejer kernel of order N, and define Kn : H'^ — > H'^ the con- 
volution operator associated to Fjy and Rn = I — K]^. Then {Kj^)]\r is a se- 
quence of uniformly bounded compact operators in B{H^), and ||i?jv/||q — > 
for all / e H^. 

Lemma 2.9. There exists < 7 < 2 such that whenever uC^^ is a bounded 
operator from to H'^ with 1 < q < 00, one has 

-limsup ||i?ArMC^|| < llwC^lle. 

7 N 

Proof. Take K G B{H^,H'^) a compact operator. Since (Kn) is uniformly 
bounded, one can find 7 > satisfying \\Rn\\ < I + II-^a^II ^ 7 for > 0, 
and we have: 

\\uC^ + K\\ > -WR^iuC^ + K)\\ 

7 

> -\\RnuCJ - -\\RnK\\. 

7 7 
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Now use the fact that {Rn) goes pointwise to zero in H'^, and conse- 
quently (-Rat) converges strongly to zero over the compact set K{Bfji) as 
goes to infinity. It follows that ||/2ArK|| ~^0, and 

||mC^ + i^'ll > — limsup II i?ArnC<o II 
In 

for every compact operator K : H'^. □ 

Proposition 2.10. Let u he an analytic function on D and an analytic 
self-map of 3. Assume that uC^ G B{H^,H'^) with 1 < q < oo. Then 



„cju>iita_sup(/j.(c)r(^i-^ 



7 \a\^i- \Jt \\L-aip[(,)\y J 

Proof. Since ka is a unit vector in H^, 

(2.4) ||i?ArMC^|| = ||nC^ - KnuC^W > ||nC^A;a||g - \\KNuC^ka\\q. 
First case: q > 1 

Since (ka) converges to zero for the topology of uniform convergence on com- 
pact sets in D as |a| goes to 1, so does uC^{ka). The topology of uniform con- 
vergence on compact sets in D and the weak topology agree on if, therefore 
it follows that uC^{ka) goes to zero for the weak topology in H'^ as |a| goes 
to 1. Since Kn is a compact operator, it is completely continuous and car- 
ries weak-null sequences to norm-null sequences. So \\K]\r(^uC^{ka))\\q 
when |a| — > 1, and 

||i?ArnC^|| > limsup ||nC^(A;a) ||g- 

|a|^l- 

Taking the upper limit as — > oo, we obtain the result using Lemma [2.91 
For the second case we will need the following computational lemma: 

Lemma 2.11. Let ip be an analytic self-map of 3. Take a G D and N > 1 
an integer. Denote by ap{a) thep-th Fourier coefficient ofC^p {ka/ (1 — |ap)), 
so that for every z G D we have 

oo 

= (l-|a|2)^ap(a)^P. 

p=0 

Then there exists a positive constant M = M{N) > depending on N such 
that |ap(a)| < M for every p < N and every a G D. 



10 R. Demazeux 

Proof. Write (f{z) = ao + iIj{z) with Oq = 92(0) e D and ^(0) = 0. If we 
develop ka{z) as a Taylor series and replace z by ip{z) we obtain: 

00 

ka{ip{z)) = {l-\a\')Y,{n + l){a)Mzr. 

n=0 

Then 



.zP 



«p(«) = (E(^+i)(«)>(^)"" 

\n=0 

00 n ^ \ 

= Y,{n + l){arY,r]a--^{i^{zy,z^). 

n=0 7=0 ^-'^ 



where (/, g') = /g' dm. Note that {ip{zy, z'^) — ii j > p since ■0(0) = 0, 
and consequently 

min(n,p) 



00 llLLLH^II,,^) , s 

Ma) = + !)(«)" E r <-^ (V.(^)^^^> 

n=0 j=0 ^ 

P 00 / \ 

In the case where ao 7^ we obtain 

a^{a) = E {i^i^y, V E(^ + 1) C") (««o)" 

.7=0 n=.7 ^ 



^^^^"^'"^l-aao)^+^ 
using the following equalities for x = aao e D: 

s 0'-(iM'(^hm 

Note that the last expression obtained for ap{a) is also valid for ao = 0. 
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Thus, for < p < we have the foUowing estimates: 



p 



l«Ja)| <^|(V^(z)^zP)| — 



J + 1 



p 



Wo\) 



i+2 



(N + ir_ ,,,, 
(1 - |ao|)^+2 o<i<Jv" 

< M, 



where M is a constant independent from a. □ 
Second case: q = I 

In this case, it is no longer for the weak topology but for the weak-star topol- 
ogy of that uCip{ka) tends to zero when \a\ — )■ 1. Nevertheless, it is still 
true that \\K^uC^p{ka)\\i — )■ as \a\ — )■ 1. Indeed if f{z) = J2n>o fi^)^"^ ^ 



then 

N-l 

{n)z". 

V /vy " 

n=0 



K,m = E (i - /(' 

n=0 

We have the following development: 

oo 

ka{ip{z)) = (1 - |ap) ^ an{a)z'\ 

n=0 

Denote by m„ the n-th Fourier coefficient of m, so that 

oo X n \ 

uC^{ka){z) = (1 - \a\^)J2( 5^ap(a)u„_J;2", G D. 

n=0 ^ p=0 ^ 



It follows that 

N-l 



\\KNuC^{ka)\\i < (1 - |a|2) ^ (^1 - ^) ^ap(aK 

n=0 p=0 



I II 
P 1- 



Now using estimates from Lemma 12.11^ one can find a constant M > 
independent from a such that |ap(a)| < M for every a G D and < p < 
N — 1. Use the fact that = 1 and \up\ < \\u\\i to deduce that there is 

a constant M' > independent from a such that 

\\K^uC^{ka)\\i < M'{1 - \a\^)\\u\\^ 
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for all a G D. Thus Kf^fuC^plka) converges to zero in when \a\ — )■ 1, and 
take the upper limit in 12.41 when a tends to 1^ to obtain 

WRnuC^W > limsup ||mC^(A;,)||i, WN > 0. 

|a|-s>l 

We conclude with Lemma [2^9] and observe that 7 = sup||-Riv|| < 2 since 
II^Tvll < 1 + \\Kn\\ < 2. □ 



3 uC^ e B{HP, H"^) for 1 < j9 < (X) 



Let M be a bounded analytic function. Characterizations of boundedness 
and compactness of uC^ as a linear map between and H°° have been 
studied in [3] for p > 1. Indeed, 



uC^ e B{HP, H^) if and only if sup ^ ' < 00 



\u{z)\P 



and 



\u{z)\P 

uCm is compact if and only if 11 09 11 00 < 1 or lim ; — = 0. 

Mz)Hi 1 - \ip{z)\^ 



In the case where ||9?||oo = 1 we let 

\u{z)\ 



M,p{u) = limsup - 

Mz)Hl (1 - |<^(-2)P)P 

As regarding Theorem 1.7 in [12j, it seems reasonable to think that the 
essential norm of uC^p is equivalent to the quantity M^p{u). We first have a 
majorization: 

Proposition 3.1. Let u he an analytic function on D and ip an analytic 
self-map of D. Suppose that uC^ is a bounded operator from to H°°, 
where 1 < p < 00 and that ||(/9||oo = 1- Then 

\\uC^\l < 2M^{u). 

Proof. Let e be a real positive number, and pick r < 1 satisfying 

sup < M^{u) + e. 

W{z)\>r (1 - \'p{z)\'^)v 

We approximate uC^ by uC^pK^ where : — )■ is the convolu- 
tion operator by the Fejer kernel of order A^, where is chosen so that 
\RNf{w)\ < for every / G and every \w\ < r (Lemma 12.81 for 
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q = 1). We want to show that \\uC^—uC:^Kn\\ = \\uC^Rn\\ < max(2M^(M) + 
2s, £||m||oo), which will prove our assertion. If / is a unit vector in H^, then 
the norm of uCipRj^{f) is equal to 

max I sup \u{z){Rn f) o ip[z)\, sup \u{z){Rn f) o ip[z) 

\\v{z)\>r \<p{.z)\<r 

We want to estimate the first term. If a; e D, we denote by 5^^ the hnear 
functional on H'^ defined by 5uj{f) — f{oj). Then S^j G (Hp)* and ||5tt,||(i7P)* = 
1/(1 — jiyp)^/^ for every e D. Therefore 

sup \u{z){RNf)o(p{z)\ < sup \u{z)\\\d^(^z)\\(^HP)*\\RNf\\p 
\f(z)\>r \'Piz)\>r 

\u(z)\ 

<2 sup r 

M^)\>r (1 - 

<2{M^{u)+e), 

using the fact that ||i?Ar/||p < 2. 

For the second term, since \(p{z)\ < r we have 

\u{z)RNf {^{z))\ < \\u\\^\RNf {<p{z)) I < ellullooll/lli < e\\u\\^ 

which ends the proof. □ 

On the other hand, we have the lower estimate: 

Proposition 3.2. Let u he an analytic function on B and </? an analytic 
self-map ofB satisfying \\<f\\oo — 1- Suppose thatuC^ is a bounded operator 
from HP to H°°, where 1 < p < oo. Then 

1 

2" 



Proof. Assume that uC^ is not compact, implying M^{u) > 0. Let (zn) be 
a sequence in D satisfying 

lim \ip{zn)\ = 1 and lim ^^^^^ ^ = MJu). 

Consider the sequence (/„) defined by 



fn{z) = Ki..){zY'^ 



I - (p{Zn)zj " 

Each fn is a unit vector of H^. Let K : H^ — > H°° be a compact operator. 
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First case: p > 1 

Since the sequence (/„) converges to zero for the weak topology of and K 
is completely continuous, the sequence (Kfn) converges to zero for the norm 
topology in H°°. Use that \\uC^ + K\\ > ||'uC(p(/n)||oo — ||-^/n||oo and take 
the upper limit when n tends to infinity to obtain 

\\uC^ + K\\ > limsup ||mC<^(/„)||oo 

n 

> limSUp \u{Zn) \ \fn i'^{Zn))\ 



> lim sup 

n 



I«(^n)| 



Second case: p = 1 

Let e > 0. Since the sequence (fn) is no longer weakly convergent to zero 
in H^, we cannot assert that {Kfn)n goes to zero in Nevertheless, 
passing to subsequences, one can assume that {Kfnjk converges in H°°, 
and hence is a Cauchy sequence. So we can find an integer > such that 
for every k and m greater than N we have WKfm, — Kf„^ \\ < e. We deduce 
that 

/rife ~ fri: 



\\uC^ + K\\ > 



{uC^ + K) 



— c2^'^^^V^fnk /rim) lloo 2 

HZn^)\ \u{Zn^)\{l-\^{ZnJ\'^) 



> 



2(l-|^(^nJP) 



Vi^nJ^iZnJ 



e 
2 



Now take the upper limit as m goes to infinity {k being fixed) and recall 
that lim^ |v^(-2n™)| = 1 and |v9(z„^)| < 1 to obtain 



K\\ > 



e 
2 



for every A; > A^. It remains to make k tend to infinity to have 

\\uC^ + K\\>^-M^{u)-'-. 



□ 



Combining Proposition 13.11 and Proposition 13.21 we obtain the following 
estimate: 
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Theorem 3.3. Let u he an analytic function on D and Lp an analytic self- 
map of 3 satisfying Hv^Hoo = 1- Suppose that uC^ is a hounded operator 
from to H°°, where 1 < p < oo. Then ||-uC^||e ~ M^{u). More precisely, 
we have the following inequalities: 

^M^(m) < ll^C^lle < 2M^(m). 
Note that ii p> 1 one can replace the constant 1/2 by 1. 

4 uC^ G H^) for (X) > g > 1 

In this setting, boundedness of the weighted composition operator uC^ is 
equivalent to saying that u belongs to H'^, and uC^ is compact if and only 
if u = or \E^\ = where = {( E T \ v^*(C) G T} is the extremal 
set of ip (see [3]). We give here some estimates of the essential norm of mC^ 
that appear in [S] for the special case of composition operators: 

Theorem 4.1. Let u G H'^^ with oo > g > 1 and if he an analytic self-map 

1 

o/D. Then ||nC^||e ~ ^ I^IOI"^ dm(^)j . More precisely, 

\ (^j^ |«(C)r dm(C) j ' < \\uC^\U < 2 |«(C)r dm(C) 

We start with the upper estimate: 

Proposition 4.2. Let u G H'^, with oo > g > 1 and ip be an analytic 
self-map of 3. Then 

\\uCJ,<2(^J^ |n(C)r dm(C) 

Proof. Take < r < 1. Since ||r<y9||oo < r < 1, the set Er^p is empty and 
therefore the operator uCnp is compact. Thus ||uC<^||e < \\uCip — uCr<f\\. But 

(4.1) \\uCp - uCrJ'^ = sup /KC)l1/MC))-/MC))rdm(C). 

If \Ep\ = 1 then the integral in fl4.ip coincides with 

/ 1^(011/^0) -/MOT dm(C) 

which is less than 2^ /^^ \u{C)\'^ dm(C). If \E^\ < 1 we let = {C G T | 
|V9*(C)| < 1 — £:} for e > 0, which is a nonempty set for e sufficiently small. 
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(Let us mention here that an element C G T needs not to satisfy neither 
C G nor ( G IJ^^qF^. It can happen that the radial limit v^*(C) does not 
exist, but this happens only for ( belonging to a set of measure zero). We 
will use the pseudohyperbolic distance p defined for z and w in the unit 
disk by p{z,w) = \z — w\/\l — wz\. The Pick-Schwarz's theorem ensures 
that p(^f{z), f{w)) < p{z,w) for every function / G Bh°°- As a consequence 
the inequality \ f{z) — f{w) \ < 2p{z,w) holds for every w and z in D. 
If ( is an element of then 

p((/?(C),r^(C)) = ^1 .>s|2 < 



l-r\^{CW - l-r(l-£)2- 

One can choose < r < 1 satisfying sup^^ p((y9(C), rip{Q^ < e/2, and there- 
fore 

1/(^(0) -/(r^(C)) I < 2supp(^(C),r^(C)) <e 

for all C, & Ff. and for every function / in the closed unit ball of H°° . It 
follows from these estimates and (14.11) that 



\\uC^-uCr4'^< sup / |n(C)|%^dm(C)+ / 2^|w(C)r dm(C) 
||/||oc<i \Jf, Jt\f, 

< e''\\u\\l + 2'i I |m(C)|^ dm(C). 

Make e tend to zero to deduce the upper estimate. □ 

Let us turn to the lower estimate: 

Proposition 4.3. Suppose that is an analytic self-map of 3 and u G 
with oo > g > 1. Then 




9 



lkC^||e>- / KC)rdm(C) 



Proof. Take a compact operator K G B{H°°, H^). Since the sequence (z")„gN 
is bounded in there exists an increasing sequence of integers {nk)k>o 
such that {K{z^''))i^yQ converges in H'^. For any e > one can find G N 
such that for every k,m > N we have \\Kz'^'' — Kz'""^\\q < If < r < 1, 
we let gr{z) = g{rz) for a function g defined on D. Take k > N. Then there 
exists < r < 1 such that 
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For all m > we have 

\\uC^ + K\\ > 



[uC^ + K) 



1 

> - 

- 2 



Let us make m tend to infinity, keeping in mind that < r < 1 and 
llv'riloo < 1: 

II (Wy^"™), llg < lklUI(^r)"'"||oo < ||M|U|</^r||:L"^ — ^0. 

m 

Thus \\uC^ + K\\ > (l/2)||M(/?"'=||g - e for all A; > iV. We conclude noticing 
that 



= ( I k(C)¥'(C)"'=r dm(C) ) ' ^ I / HCW dm(C) 



□ 



5 uC^ e B{HP, H^) iov oo> p> q>l 

In [9], the authors give an estimate of the essential norm of a composition 
operator between and for 1 < g < p < oo. The proof makes use of the 
Riesz projection from onto W^, which is a bounded operator for 1 < g < 
oo. Since it is not bounded from to (if ^ is not even complemented 
in L^) there is no way to use a similar argument. So we need a different 
approach to get some estimates for g = 1. A solution is to make use of 
Carleson measures. First, we give a characterization of the boundedness 
of uC^ in terms of a Carleson measure. In the case where p > q, Carleson 
measures on D are characterized in [1]. Denote by T{() the Stolz domain 
generated by C G T, i.e. the interior of the convex hull of the set {(} U (aD), 
where < a < 1 is arbitrary but fixed. 

Theorem 5.1 (see [1, Theorem 2.2]). Let p be a measure on D, 1 < q < 
p < oo and s = p/{p — q). Then fi is a {p,q)- Carleson measure on D 
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if and only if C ^ /r(^) belongs to L*(T) and fij = Fdm for a 

function F E L'^(T). 

This leads to a characterization of the continuity of a weighted compo- 
sition operator between and H'^: 

Corollary 5.2. Let u he an analytic function on D and an analytic self- 
map of D. For 1 < q < p < oo, the weighted composition operator uC^ : 
—7- H'' is bounded if and only if G : ( E T G{() = Jp^^^ j^q^ belongs 
to L^(T) for s = p/{p — q) and = Fdm for a certain F 6 L'^{T), 
where dfi = \u\'^dm and /i,^ = yU o ip~^ is the pullback measure of fi by (p. 

Proof. uCip is a bounded operator if and only if there exists 7 > such that 
for any / G Rp, Jj\u{C)\'^ \f ° viCW dm(C) < 7ll/llp, which is equivalent 
(via a change of variables) to J^lf^z)]"^ dfi^{z) < 7||/||p for every / G H^. 
This exactly means that {p, g)-Carleson measure. This is equivalent 

by Theorem 15.11 to the condition announced. □ 

If / G H^, the Hardy-Littlewood maximal nontangential function Mf 
is defined by Mf{() = sup^gr{c) \ fi^)\ C ^ T. For 1 < p < 00, M is a 
bounded operator from to and we will denote its norm by ||M||p. The 
following lemma is the analogue version of Lemma 12.61 for the case p > q. 

Lemma 5.3. Let fi be a positive Borel measure on D. Assume that fi is 
a {p,q)-Carleson measure for 1 < q < p < 00. Let < r < 1 and fi^ '■= 
^. Then fij. is a {p,q)- Carles on measure, and there exists a positive 
constant 7 such that for every f G H^, 

d/x.(^)<(||F||, + 7||M||^||a||.)||/||^ 

Jo 

where d/ix = -Fdm and Gr{C) = Jr{(;) T^pp- -^'^ addition, HCrlls as 
r 1. 

We use the notation Gr to avoid any confusion with the notation intro- 
duced before for (p and its radial function (pr- 



Proof. Being a (p, g)-Carleson measure only depends on the ratio p/q (see 
[H Lemma 2.1]), so we have to show that fir is a {p/q, l)-Carleson measure. 
From the definition it is clear that Gf < G E L*(T). Moreover d/ir, = 
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d/iir = Fdm G L*(T). Corollary 15.21 ensures the fact that /ir is a {p,q)- 
Carleson measure. 
Let / be in H^. Then 

i/(c)r d^.(c)= / i/(c)r Mo= [ i/(c)ri^(c)dm(c) 



(5.1) < 

using Holder's inequality with conjugate exponents p/q and s. 

For 2 ^ 0, z e D, let i{z) = {( eT\ ze r(C)}. In other words C e i{z) ^ 

z G r(C). Then 



(5.2) m{I{z 
and 

'i/(z)r d/i.(z)^ / i/(.)r( / dm(c) 

d/ir(2;) 




d/ir(^) 

1 - \z\^ 

i/wrfT^Mc) 

where Mf{() = svLp^^-p{c) \fi^)\ the Hardy-Littlewood maximal nontan- 
gential function. We apply Holder's inequality to obtain 

(5.3) [ \f{z)f df,r{z) < ^\\MmGr\\s < l\\M\\nGr\ 



1 
V 
JO 

where 7 is a positive constant that appears in (15. 2p . Combining (15. ip and 
(15. 3 p it follows that 

i/(^)r d^.(.)<(iiFii.+7iiM|i^iiG;ii.)ii/ii^. 

It remains to show that IjCrlls when r — )■ 1. We will make use of 
Lebesgue's dominated convergence theorem. Clearly we have Q < Gr < G & 
L'^(T), so we need to show that Gr((^) — )■ as r — )■ 1 for m— almost every C, G 
T. Let A = {C G T I G(C) < 00}. It is a set of full measure {m{A) = 1) 
since G G L^(T). Write ^(C) = /r(^) friz) dfx{z) with fr{z) = %yo(2;)(l - 
|zp)~^, z G For every C ^ ^ one has 

friz) < G (r(C),^) since C e A 

1 — 

/,(z) — ^ for all z G 1(0 C D. 

r— >-l 
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Lebesgue's dominated convergence theorem in (T{Q, fi) ensures that G'r(C) 
||/r||Li(r(c),At) tends to zero as r tends to 1 for m— almost every C ^ T, which 
ends the proof. □ 

Theorem 5.4. Let u he an analytic function on D and if an analytic self- 
map of 3. Assume that uC^p is a bounded operator from to H'^, with oo > 
p > q > 1. Then 



\\uCJ,<2\\cX/l[ I KOR dm(C) 

where \\C^p\\p/g denotes the norm of C^p acting on H^^'^. 

Proof. We follow the same lines as in the proof of the upper estimate 
in Proposition 12.41 we have the decomposition I = Kn + Rn in B{H^), 
where Kjq is the convolution operator by the Fejer kernel, and 



P-Q 

PI 



\uC^\\e < liminf WuC^pR 



N 



N\ 



We also have, for every < r < 1, 



\\iuC^R^)f\\l= _ |i?^/Hrd/i^H+ / li^^/Hi^d/i^H 

Jo\rV) Jr'B) 

= h{N,r,f) + h{N,r,f). 

As in the p < q case, we show that 

lim sup l2{N,r,f) = 0. 
^ ll/llp<i 

The measure /x^ being a (p, g)-Carleson measure, we use Lemma [53] to have 
the following inequality 

/i(iV,r,/)<(||F||, + 7||M||^||G;||.)||i?^/||^ 

for every / G H^. As a consequence 



ll^C^lle <lim^inf I sup /i(Ar,r,/) | < 2(||F||, + 7||M||^||G,| 



using the fact that sup^ W^nW < 2. Now we make r tend to 1, keeping in 
mind that IIGrlU 0. We obtain 
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It remains to see that we can choose F in such a way that 



I 1 1 s ^ II \ \p/q 



1/s 



luiC)]"-" dm(C) 



Indeed, if / G C(T) fl if^/^, we apply Holder's inequality with conjugates 
exponents p/q and s to have 







Jr 






< 




< 



|m|^/ o Lf dm 

— I I'^n/ ° ^\ d^ 

< \\cM')\\p/, 



l/s 



ul""^ dm 



meaning that p^j G (if^^'') *, which is isometrically isomorphic to L^{T) / Hq, 
where Hq is the subspace of if* consisting of functions vanishing at zero. 
If we denote by Nlfi^pj) the norm of fi^^j viewed as an element of (Hp/i)* , 
then one can choose F e L'^(T) satisfying 

IFII. = Nifi^j) < \\CJp/, I J b|P«/(^-^) dm ^ 
and /i<^,T = F dm (see for instance [llj, p. 194). Finally we have 

||^C^||e<2||C^||i/;|^y^ KC)l^dm(C)^ 

□ 

Although we have not be able to give a corresponding lower bound of 
this form for the essential norm of uC^p, we have the following result: 

Proposition 5.5. Let 1 < q < p < oo, and assume that uC^ G B{Hp, if). 
Then 

1 
1 



P-Q 



\\uC^\\e> 1^(01" dm(C) 

Proof. Take a compact operator K from H'^ to . Since it is completely 
continuous, and the sequence (z") converges weakly to zero in ii^, {K{z'^))^ 
converges to zero in W^. Hence 



I^C^ + i^ll > \\{uCp + K)z''\\,> ||nC^(z")||,-||ir(^")||, 
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for every n > 0. Taking the limit as n tends to infinity, we fiave 




«(c)r MO 



□ 
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